In this paper we obtain coefficient bounds and Fekete-Szegö inequalities for a new subclass B n,b α,µ,λ,ω (ϕ) of analytic functions defined by a new differential operator. Some of our results generalize the related work of some authors.
Introduction
Let A be the class of functions which are analytic in the open unit disk U = {z : |z| < 1}, given by
(1.1)
Let S denote the subclass of A consisting of univalent functions. A function f ∈ A is said to be in the class S * (b) of starlike functions of complex order b if it satisfies
The function class S * (b) was considered earlier by Nasr and Aouf (see [12] , [13] , [14] ) and Wiatrowski [19] , respectively.
If f and g are two analytic functions in U , we say that f is subordinate to g, written as f ≺ g, if there exists a Schwarz function w analytic in U, with w(0) = 0 and |w(z)| < 1, such that f (z) = g(w(z)), for all z ∈ U. In particular, if the function g is univalent in U , the above subordination is equivalent to f (0) = g(0) and f (U ) ⊂ g(U ) (see [11] ).
For the function f ∈ A on the form (1.1), we define the following new differential operator: 
We remark that for α = µ = 0, we get Sȃlȃgean's differential operator [16] , for λ = 1, ω = 1 and α = 1 we get the operator introduced by F. Al-Oboudi [1] , when λ = 1, ω = 1 we obtain the operator introduced by M. Darus and R.W. Ibrahim [6] , if α = 1 we get the operator introduced by M. Darus and I. Faisal [4] .
Using the differential operator D n α,µ (λ, ω)f (z), we introduce the following subclass of analytic functions as follows: Definition 1.1. Let ϕ(z) be an univalent starlike function with respect to 1 which maps the unit disk U onto a region in the right half plane which is symmetric with respect to the real axis, ϕ(0) = 1 and ϕ (0) > 0. The class B n,b α,µ,λ,ω (ϕ) consists of all functions f (z) ∈ A satisfying the following subordination:
In section 2 of this paper, we determine the coefficient bounds for the subclass B n,b α,µ,λ,ω (ϕ) of analytic functions defined by the differential operator D n α,µ (λ, ω)f (z).
In the last section, we obtain Fekete-Szegö inequalities for the subclass B n,b α,µ,λ,ω (ϕ). Many other authors obtained Fekete-Szegö inequalities for different classes of functions (see [3] , [5] , [17] , [9] ). In that purpose we need the following results:
where −1 ≤ B < A ≤ 1.
. . , z ∈ U is a function with positive real part in U and ζ is a complex number, then
The result is sharp for the function given by
. . , z ∈ U is an analytic function with positive real part in U , then , 0 ≤ γ ≤ 1 or one of its rotations. If ν = 1, the equality holds if and only if p is the reciprocal of one of the functions such that the equality holds in the case of ν = 0. Also, the above upper bound is sharp and it can be improved as follows, when o < ν < 1:
and
Unless otherwise mentioned, we assume throughout this paper that b ∈ C * , α, µ, λ, ω ≥ 0, n ∈ N 0 and z ∈ U .
Coefficient Inequalities
In this section we derive the coefficient bounds for the class B 
Proof. Let suppose f ∈ A be given by (1.1). Let the function H be defined by
where
Also, from (1.3), (2.1) and the principle of subordination, we have
where p(z) = 1 + c 1 z + c 2 z 2 + . . . , z ∈ U is a function with positive real part in U . So, equation (2.4) is equivalent with
Thus,
On equating the coefficients of like powers of z in (2.5), we conclude that
and so on,
Since |c j | ≤ 2, j ∈ {1, 2, . . . }, we find that
Therefore,
and making use of the principle of mathematical induction, we obtain
Next, using the equation (2.3) in (2.6), we deduce
which is the required result. Now, by specializing the parameters involved in the above definitions, we have the following corollaries.
This result was obtained by Nasr and Aouf [13] .
where j ∈ N, j ≥ 2 and 0 ≤ α < 1. This result was obtained by Robertson [15] .
Using Lemma 1.1, we obtain the following result. ), then
Remark 2.1. It is easy to see that
which would obviously yield significant improvements over Corrolary 2.3 (see Srivastava et al. [18] ). 
3 Fekete-Szegö Problem Using Lemma 1.2, we obtain the following theorem. α,µ,λ,ω (ϕ) and ζ is a complex number, then
The result is sharp.
α,µ,λ,ω (ϕ), then there exists a Schwarz function w(z) which is analytic in U with w(0) = 0, |w(z)| < 1, and such that
Define the function p(z) by
Since w(z) is a Schwarz function, we see that Re{p(z)} > 0 and p(0) = 1. Therefore,
Define the function p 1 (z) by :
From this equation and (3.4), we obtain
then from (3.5) and (3.6), we get
We obtain
By an application of Lemma 1.2, we have
The result is sharp for the function f (z) given by
This completes the proof. Putting b = 1 in Theorem 3.1, we obtain the following α,µ,λ,ω (ϕ) and ζ is a complex number, then
This result is sharp.
, −1 ≤ B < A ≤ 1, we obtain the following: ) then for any complex number ζ, we have
Putting ϕ(z) = 
In this case, we obtain the following: ) then for any complex number ζ, we have
By using Lemma 1.3, we have the following theorem:
, and 
(3.9)
iii)If ν ≥ σ 2 , then
(3.10)
given by (3.2) and (3.4), then a 2 and a 3 are given as same as in Theorem 3.1. Also,
If ν ≤ σ 1 , then we have k ≤ 0. By applying Lemma 1.3 to equality (3.11), we obtain
which is the inequality (3.8). If ν = σ 1 , we have k = 0, therefore equality in (3.8) holds if and only if
If σ 1 ≤ ν ≤ σ 2 , we have
and applying Lemma 1.3 to equality (3.11), we obtain
which is the inequality (3.9). If σ 1 < ν < σ 2 , we have p(z) = 1+z 2 1−z 2 . If ν ≥ σ 2 , then we have k ≥ 1. By applying Lemma 1.3 to equality (3.11), we obtain
which is the inequality (3.10). If ν = σ 2 we have k = 1, therefore equality holds if and only if
Next, we will prove that the bounds are sharp. Let the function K s ϕ , s ≥ 2, defined by
, and the function F t and G t , 0 ≤ t ≤ 1, defined by
with F t (0) = 0 = F t (0) − 1, and
n,b α,µ,λ,ω (ϕ). If ν < σ 1 or ν > σ 2 , the equality holds if and only if f is K 2 ϕ or one of its rotations. When σ 1 < ν < σ 2 , the equality holds if and only if f is K 3 ϕ or one of its rotations. If ν = σ 1 , the equality holds if and only if f is F t or one of its rotations. If ν = σ 2 , the equality holds if and only if f is G t or one of its rotations. (3.13)
